WEAK CONTAINMENT AND
INDUCED REPRESENTATIONS OF GROUPS. II(")

BY
J. M. G. FELL

Introduction. In [6] we have outlined a program for determining the struc-
ture of an arbitrary C*-algebra A4 in terms of its primitive images. The first step
in this program is always to determine the topological space A of all equivalence
classes of irreducible representations of A, with the hull-kernel topology. If 4
is the group C*-algebra of a locally compact group, A becomes the topological
space G of equivalence classes of irreducible unitary representations of G. How
is G to be analyzed? By Mackey’s general theory [17], the elements of G are
obtained (under certain broad conditions) by inducing from representations of
subgroups. It would be desirable to supplement Mackey’s theory so as to obtain
not merely the elements of G but also their topology, in terms of the corres-
-ponding entities on subgroups. As a first step in this program, we proved in [5]
the continuity of the process of inducing a representation of a subgroup K up
to a representation of G [5, Theorem 4.1]. However, this kind of theorem, in
which the subgroup K is fixed, is inadequate; we need to consider the case in
which not only the representation of K but even K itself can vary continuously
(see the last page of [5]). The main purpose of the present paper is to formulate
and prove such a generalization of Theorem 4.1 of [5]. We shall introduce a
topology into the set #(G) of all pairs <K, T, where K is a (variable) closed
subgroup of G, and Tis a unitary representation of K; and then prove (Theorem
4.2) that the result ;U of inducing the representation T of K up to a representa-
tion of a subgroup L containing K, is continuous in all three variables T, K,
and L. A similar theorem holds for the operation of restriction (Theorem 3.2):
The result T|L of restricting T to a subgroup L contained in K is continuous
in T, K, and L(?).

Recently Glimm, in [11], has substantially advanced the program of deter-
mining the topology of G. The continuity of ,U Tas a function of (K,T), the
“supergroup”’ L being fixed, follows easily from the results of [11]. This does
not seem to be the case, however, if L also is allowed to vary. At any rate, we
do not presuppose the results of [11] (exceptfor the existence of ‘‘smooth
choices”’ of Haar measure, see §1).
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The contents of the six sections of this paper are as follows. G is a fixed locally
compact group.

In §1 we list certain known, or almost known, facts concerning the inner
hull-kernel topology of representations of a C*-algebra or locally compact
group. Also we recall from [7] the definition of the compact-open topology of
the space #(G) of all closed subgroups of G, and from [11] the existence of a
“smooth choice’’ of Haar measures on J(G).

In §2 the “‘subgroup algebra’’ of G is defined (by a construction found in [11]).
This is a Banach *-algebra with a natural ““fibering’’; the base space of the fiber-
ing is #(G), and the fiber at K is the group algebra of K. Using this, we introduce
a topology into the set #(G) defined above, and examine its elementary prop-
erties. This leads to another natural topology for #(G), called the representa-
tional topology. We do not know whether this can ever differ from the compact-
open topology for X#{(G).

§3 gives an equivalent description of the topology of #(G) in terms of func-
tions of positive type on subgroups; this generalizes Theorem 1.3 of [4]. As a
corollary we obtain the continuity of the restriction operation with varying
subgroups (Theorem 3.2). In §4 we prove our main theorem, on the continuity
of the operation of inducing a representation T of a smaller subgroup K up to
a bigger subgroup L; here T, K, and L all vary simultaneously.

Some work has been done (see [15; 18]) on generalizing the classical Fro-
benius Reciprocity Theorem to noncompact groups. Given G and a closed sub-
group K, one can contemplate the following ‘‘topological Frobenius property’’:
For each Tin Kand S in G, GUT weakly contains S if and only if S|K weakly
contains T. This is far from holding in general. In §5 we prove weak forms of
the above property for certain special cases. In so doing, we use §4 to derive a
topological version (Theorem 5.2) of Mackey’s Restriction Theorem [14,
Theorem 12.1].

Finally, §6 gives a counter-example to a very weak Frobenius-like property
Suppose K is a closed subgroup of G and f is a function of positive type on K.
It is well known that it may not be possible to extend f to a function of positive
type on G. This counter-example shows that it may not even be possible to ap-
proximate f, uniformly on compact sets, by restrictions to K of functions of
positive type on G.

1. Notation and preliminary information. The void set will be called A. We
write (x,y) for ordered pairs, and (x,y) for inner products. The domain of a
function f is D(f); the restriction of f to a subset E of D(f) is f | E. If f is complex-
valued, |f || =sup{|f(x)| |xeD(f)}. If T is a unitary representation of a
closed subgroup K of a locally compact group G, cUT (or UT if no confusion
can arise) is the unitary representation of G induced from T. For the theory of in-
duced representations, see [14]and [2](the latter for the nonseparable situation).
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If X is a locally compact Hausdorff space, C(X) will be the space of all con-
tinuous complex functions on X, and C,(X) the subspace of C(X) consisting of
the functions with compact support.

If A is a Banach *-algebra, a *-representation of A is a nowhere trivial(3)
*-homomorphism T of A into the *-algebra of all bounded linear operators on
some Hilbert space H(T), called the space of T. If A has enough *-representa-
tions to distinguish points, it is reduced; in that case we can define a new norm
| | for A (the minimal regular norm, see [19]):

lalc = sup| .|

(where the supremum is taken over all *-representations T of 4). The completion
of A with respect to | |, is a C*-algebra, the C*-completion of A. The *-represen-
tations of A and of its C*-completion are essentially identical. If G is a locally
compact group with left Haar measure u, the C*-completion of L,(G, p) is called
the group C*-algebra of G, and is denoted by C*(G). We shall usually use the
same letter to denote a unitary representation of G and its ‘‘integrated form”’
(the latter being a *-representation of L,(G,u) or C*(G)). The set of all unitary
equivalence classes of *-representations of a Banach *-algebra A is called J(A4);
the set of all irreducible elements of J(A) is called A (the dual space of A).
Similarly we define 7(G) and G for a locally compact group G.

Let 4 be a fixed C*-algebra. If Te I (A) and ¥ = J (A), T is weakly contained(*)
in & if

Kernel (T) > (] Kernel(S),

Se?

or equivalently(3), if every positive functional associated with T can be weakly*
-approximated by sums of positive functionals associated with . Two subsets
S and & of T (A) are weakly equivalent if every S in ¥ is weakly contained
in %, and conversely. Restricted to 4, the relation of weak containment defines
the closure operation for the hull-kernel topology of A. Each T in J(A):iis
weakly equivalent to a unique closed subset Sp(T) of A, called the spec-
trum of T. If & is a finite family of ncnvoid open subsets of A4, let
U(F)={TeI(A)|Sp(T) "B #A for each B in F}. The inner hull-kernel
topology of T (A) is the topology in which the set of all U(#)(F being as above)
forms a basis of open sets(6). Relativized to 4, this is again the hull-kernel topology.

In this paper we always assume that 7 (4) and A4 are equipped with the inner
hull-kernel and hull-kernel topologies, respectively.

(3) T is nowhere trivial if the linear span of {TavlaeA, veH(T)} is dense in H(T). The
zero representation, with zero-dimensional H(T), is admitted as nowhere trivial, but not as
irreducible. The zero representation is also admitted as a unitary, but not as an irreducible,
representation of a locally compact group.

(4 For this and the concepts that follow, see [4] and [5].
(5) [4, Theorem 1.2].
(6) This topology is of course wildly non-Hausdorff.
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In view of Theorems 1.1 and 2.3 of [5] and the remark following Theorem 2.1
of [5], we have:

ProposiTION 1.1. If Te T(A) and & < T (A), the following are equivalent:
(a) T is weakly contained in & ; (b) the closure of USEySP(S) contains Sp(T);
(¢) Tis in the closure of the set & of all finite direct sums of elements of &. If
T is irreducible, these conditions hold if and only if T belongs to the closure of &

The following easily verifiable facts will also be useful:

PROPOSITION 1.2. A net {T'} converges to T in J(A) if and only if every
subnet of {T'} weakly contains T.

PROPOSITION 1.3. If T'— T in J(A) and T weakly contains S, then T'— S
in T (A).

PrOPOSITION 1.4(7). T'> T in J(A) if and only if |T,| < liminf; | T}|
for each ain A.

ProPOSITION 1.5. If TeJ(A) and T is weakly contained in {SeJ(4)|
Kernel(S) o I}, where I is a closed two-sided ideal of A, then Kernel(T) > I.

PROPOSITION 1.6. Suppose M is a group of *-automorphisms of A with the
topology of pointwise convergence on A. Then the map {T,V>— TV is con-
tinuous on T (A) x M to T(A).

If A is a locally compact group or a reduced Banach *-algebra, we define
weak containment, the inner hull-kernel topology, and so forth, for J(4) by
passing to the group C*-algebra (or C*-completion), and identifying 7 (A4) with
the family of all representations of the latter.

Let X be an arbitrary locally compact(8) (not necessarily Hausdorff) space.
As in [7] we equip the family Z(X) of all closed subsets of X with the compact-
open topology(°) as follows: For each compact subset C of X and each finite
family & of nonvoid open subsets of X, let U(C;%) = {Ye.%"(X)l YNC =A,
YN B # A for each B in #}. A subset # of Z(X) is open in the compact-open
topology if and only if it is a union of certain of the U(C;%#) (C,& being as
above). With this topology Z(X) is a compact Hausdorff space(1°).

Let A be a C*-algebra. Since 4 is locally compact(1!), Z(4) is compact in the
compact-open topology. If we identify each T with Sp(T), the inner hull-kernel
topology of J(A) is contained in the compact-open topology of Z(4). Hence
we have:

(7) This follows from Proposition 1.2 above and Lemma 2.1 of [4].

(8) “Locally compact” means that every point has a basis of compact neighborhoods.
(9) In [7] we called this the H-topology.

(10) [7 ,Theorem 1].

(11) [6, Theorem 2.1].
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ProposITION 1.7. If A is a locally compact group or a reduced Banach
*.qlgebra, T (A) is compact (in the inner hull-kernel topology).

In this paper G will always be a fixed locally compact group with unit e(12).
Let £(G) be the family of all closed subgroups of G.As a subset of Z(G), #(G)
is closed in the compact-open topology. We shall assume, unless the contrary
is explicitly stated, that J(G) carries the relativized compact-open topology.
Thus #(G) is a compact Hausdorff space.

A choice of Haar measures in 2 (G) is a mapping K — p assigning to each
K in X(G) a left Haar measure on K. Such a choice is smooth if, for each f in
Co(G), the function K — [, f(x)dugx is continuous on #(G). It is known from
[11] that smooth choices exist. Indeed, if g is a fixed non-negative-valued func-
tion in Co(G) with g(e) > 0, and py is chosen for each K so that [xg(x)d ugx =1,
then {ux} is a smooth choice. This leads to an equivalent characterization of the
compact-open topology of #(G) (which we shall not need) in terms of the weak
convergence of Haar measures on the subgroups.

It is easily verified that any two smooth choices {ux} and {ug} are connected
by a positive multiplicative factor « (that is, uy = a(K) ug) which is continuous
on X (G).

2. A topology for representations of subgroups. Inspired by Glimm [11], we
now construct the ‘‘subgroup algebra’’ A(G) of G. Let Y be the set of all pairs
{K,x), where K € #(G) and xe K. It is easily seen that Y is a closed subset
of A(G) x G, hence itself locally compact in the relativized topology. Let us
fix once for all a smooth choice {y,} of Haar measures on #(G). Lemma 1.1
of [11] gives:

LemMA 2.1. If feCy(Y), the function
K- [ S
K

is continuous on HA(G).

Let Ax be the modular function for the closed subgroup K. Arguing as in
[11](*3), we show that (K,x ) — Ax(x) is continuous on Y. We now make Cy(Y)
into a normed *-algebra as follows: If f, ge Co(Y),

(fug)Kx) = f (K, ) g(K, y= 1) d gy,
FHKx) = TR D A1),

Ifl = sup fx |£ (K, x)| dugx.

Ke X (G)

(12) G nezd not satisfy the second axiom of countability until §5.
(13) See the paragraph following Lemma 1.1 in [11].



1964] INDUCED REPRESENTATIONS OF GROUPS. II 429

Each element of Cy(Y) can be thought of as a function on X (G) whose value
at K is in the group algebra of K. The operations in Cy(Y), looked at in this
light, are pointwise; clearly Co(Y) is a normed *-algebra (satisfying || f*| = | f ).
The completion A(G) of Cy(Y) with respect to this norm is a Banach *-algebra
called the subgroup algebra of G.

For each K in X(G) the mapping f— fy, initially defined on Cy(Y) by
fx(x) =f(K,x), extends to a continuous *-homomorphism, which we shall call
@, of A(G) onto a dense subalgebra of L,(K, ug). The following lemma is easy
to verify:

LEMMA 2.2. For each f in A(G), K- | ®x(f)| is continuous on A (G)
and |f|| = supx | @x(f) .

Each unitary representation T of a closed subgroup K can be lifted to a *-rep-
resentation WX'Tof A(G) thus(14): W¥T=Tod,. It follows from this and
Lemma 2.2 that A(G) is a reduced Banach *-algebra. Its C*-completion, denoted
by CX(G), is called the subgroup C*-algebra of G; the norm of C¥(G) will be
denoted by | |.. Corresponding representations of A(G) and C¥(G) will be
designated by the same letter. A representation of the form W7 will be said
to be lifted from K.

Let #(G) be the set of all subgroup representations, that is, pairs <K,T)
where K € #(G) and Te J(K); we agree to identify all pairs (K, T ) for which
the representation T is identically zero(!5) (the resulting element being called
the zero element 0 of £(G)). By the inner hull-kernel topology of £(G) we mean
that topology which makes the one-to-one mapping <K,T>— W*T a homeo-
morphism with respect to the inner hull-kernel topology of 7 (4,(G)). This is
the only topology of #(G) which we shall use. Here are some of its more evident
properties:

LeMMA 2.3. The topology of ¥(G) is independent of the particular smooth
choice of Haar measures {uy}.

Proof. Let {ux} be another smooth choice, connected with {ux} by a factor
a which is continuous on J#(G) (see end of §1). Let A)(G) and (W")®T be the
corresponding constructs. The mapping F of Cy(Y) onto itself, defined by

F(F)(K,x) = &(—lf)f(K,x),

extends to an isometric isomorphism of A(G) onto A(G) and carries WXT
into (W')®T. This proves the lemma.

(14) Recall that the integrated form of T is also called T.
(15) See footnote 3.
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Lemma 24. {WXT|(K,TYe F(G)} is closed in T(A(G)). Thus L(G) is
compact.

Proof. Suppose that {W*“T'} converges to S in 7(4,(G)). To prove the first
part, we must show that S is lifted from some subgroup K. By the compactness

of #(G) we may pass to a subnet and assume K’ — K in o#(G). Then, for any f
in A(G) with fy = 0(16), we have by Proposition 1.4 and Lemma 2.2

IS,] < timinf | W] < liminf | T |

I\

IIA

liminf | fx: | = 0.

So S, =0. Thus Kernel(®y) < Kernel(S), and S is lifted from K.
From this and Proposition 1.7 follows the compactness of #(G).

LEMMA 2.5. The mapping n:{K,T ) - K is continuous on &¥(G)— {6} to
X(G).

Proof. Let.? be a closed subset of #(G), and let I be the closure in C(G)
of {fe Co(Y)|f(K,x) =0 whenever <K,x>eY, Ke£}. Then

S ={SeT(C%G))|Kernel(S) > I}
is closed in J(C¥(G)) by Proposition 1.5. Hence
{(K,Ty|w¥Te s} =n-1(L)U {6}

is closed in &(G).
It seems to be unknown whether 7 is open in general. Some equivalent con-
ditions for openness of = will be found in Theorem 2.1.

LEMMA 2.6. For each K in #(G), the mapping T— {(K,T) is a homeo-
morphism of J(K) into F(G).

Proof. ®; may be regarded as a *-homomorphism of C¥(G) onto C*(K);
and the map T— W¥'T amounts to lifting a representation of C*(K) to one of
C¥*(G) via ®y. This is clearly a homeomorphism.

LEMMA 2.7. Let M be a topological group acting continuously on G(17).
Let B be the corresponding action of M on ¥(G): B, (KK,T»)=<{m K, T")
(meM), where T!=T,-.,(xem-K). Then B is continuous on M x F(G) to
Z(G).

Proof. For each m in M and K in #(G), let a(m, K) be the positive number
such that, for each Borel set E, ug(m-1-E)=a(m,K)p,.x(E). The relation

(16) We sometimes write fx for ®(f), for arbitrary f in 4.(G).
(17) Thatis, { m,x ) — m- xis continuous on M X GtoG, m- (x x3) = (m- x1) (m - x2),
(mymy)-x =my-(my- x),and e x = x for all x.
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a(m,K) |  g(X)dppxx = L g(m - x)dpyx
m*K

(g € Co(G)) shows that « is continuous on M x X#(G). Thus, for each m, the

function V™, initially defined on Cy(Y) by

Ve (f)(m-K, m-x) = a(m,K) f(K,x),

extends to a *-isomorphism of C¥(G) onto itself; and we have
WEACED) = KT ym=Y Now m— V™ " is continuous in the topology of
pointwise convergence on C¥(G). Thus an appeal to Proposition 1.6 completes
the proof.

LemMA 2.8. Every irreducible *-representation S of C¥(G) is of the form
WXT for some unique (K,T) in ¥(G).

Proof. It follows from [19, §26] that Kernel (S) must contain
{feCo(Y)|fx =0} for some K in #(G). Thus S is lifted from some K. The
uniqueness is evident.

For each K in A#'(G), let us define 4 = {W*'T|Te K}. It follows from Lem-
mas 2.5 and 2.8 that the Ay are pairwise disjoint nonvoid closed subsets of
CX(G)” whose union is C¥G)".

The following new topology of (G) is intimately related to the openness
of the mapping =.

DEerINITION. The representational topology of #(G) is that topology which
makes the mapping K — Ay a homeomorphism with respect to the compact-
open topology of closed subsets of C¥G)".

There is another description of the compact-open and the representational
topologies, in terms of norms. We shall denote by | |, not only the norm of
C¥(G) but the norm of each C*(K) as well.

LEmMMA 2.9. K;— K in X#(G) (in the compact-open topology) if and only if
¢)) limsup || fg [ < [fx].
for all f in A,G).

Proof. Assume that K;— K. By the compactness of Z(C¥(G)™) every
subnet of {K;} has a subnet {K} such that 4 x;— Q in the compact-open topo-
logy of 2(C*(G)"). By Lemma 2.5 Q < Ag. But by Theorem 2.2 of [6],

lim; []f,(;. |e=supsco| Sy hence
lim | fx; [ < sup |S; | = |fx[c for feA(G).
j SeAK

By the arbitrariness in the definition of the subnet {K}, this implies (1). The
converse is evident.
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LEMMA 2.10. The representational topology of X#(G) is the smallest topol-
ogy of #(G) making all the “‘norm-functions” K - | fx ||, (f € A(G)) continuous.

Proof. Theorem 2.2 of [6].

LemMA 2.11. The representational topology contains the compact-open
topology of A(G).

Proof. Lemmas 2.9 and 2.10.
We do not know at present whether the representational topology can ever
be different from the compact-open topology of £ (G).

LeMMA 2.12. The map n:{K,T)— K is open on £(G)— {0} onto #(G)
with respect to the inner hull-kernel topology of the former and the represen-
tational topology of the latter.

Proof. Let K be in the representational closure of a subset £ of £(G), and
let T be a nonzero representation of K. For each Lin % let S(L) be a unitary
representation of L whose spectrum is all of L. Then, if {L'} is a net of elements
of % converging representationally to K, it follows from the definition of the
inner hull-kernel topology (and the fact that Sp(W*7T) < 4,) that
(LAS(L)> - (K, T in £(G). But this means that 7 is open.

The continuity of = with respect to the representational topology of #(G),
like the openness of n with respect to the compact-open topology of #(G), is
questionable. We now show that the two questions are equivalent.

THEOREM 2.1. For each K in X(G) the following conditions are equivalent:

(i) The representational neighborhoods and the compact-open neighbor-
hoods of K are the same;

(ii) For each f in A(G), the map L— | f, || is continuous at K in the compact-
open topology;

(ili) 7 is continuous at (K, T ) (with respect to the representational topology
of #(G)) for each nonzero unitary representation T of K;

(iv) = is open(18) at (K,T ) (with respect to the compact-open topology of
HA'(G)) for each nonzero unitary representation T of K.

Proof. (i) and (ii) are equivalent by Lemma 2.10. (i) implies (iii) by Lemma
2.5; (i) implies (iv) by Lemma 2.12.

Assume (iii). Let K'— K in the compact-open topology of #(G). Suppose
that T is some nonzero unitary representation of G. For each f in Cy(Y) and
each &, in H(T), Lemma 2.1 gives

lim (W) Em) = (WETEA) E ).

(18) A map f'is open at a point x if it carries each neighborhood of x onto a neighborhood

of f(x).
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It follows that liminf,|(T|K)(fx)| 2 |(T| K)(fo)|. Thus, by Proposition
14, (KiT|K'>> (K,T|K) in #(G). By (iii) this implies that K'— K
representationally. So compact-open convergence to K implies representational
convergence. This and Lemma 2.11 give (i). Hence (iii) implies (i).

Assume (iv). Let K'— K in the compact-open topology. By the compactness
of Z(C*(G)") we may replace {K'} by a subnet and assume 4x— some % in
Z(CXG)™). By Lemma 2.5 % < Ag. Assume W*Te Ay — . Since # is closed
there is a compact (') neighborhood V of WX in C¥(G)” which does not inter-
sect &. Hence Ay NV =A i-eventually. On the other hand, by the assumed
openness of n, U = n({S | Sp(S) intersects V}) is a compact-open neighborhood
of K, so that K;e U i-eventually; this implies that, i-eventually, 4y intersects
V. Thus we have a contradiction. So % = Ay; whence Ay — Ay in Z(C*(G)™);
that is, K'— K representationally. We have now shown that every net converging
to K in the compact-open topology has a subnet converging to K representationally.
This, together with Lemma 2.11, gives (i). So (iv) implies (i).

DerINITION.  If any of the conditions (i)~(iv) of Theorem 2.1 hold, we shall
say that the subgroup representation theory (of G) is continuous at K.

THEOREM 2.2. A sufficient condition for the subgroup representation theory
to be continuous at K is that every irreducible unitary representation T of K
be weakly contained in SIK for some unitary representation S of G.

Proof. Assume the condition. Given f in Co(Y) and T in K, choose S as in
the condition. Then || (S| K)(f) || 2 | T(fx)||- Hence, if K;— K in the compact-
open topology of #(G), the argument of the implication (iii) = (i) in the proof
of Theorem 2.1 gives

liminf |fy, | 2 liminf || (S| K () |

1\

IS|IKU] = [ TUHO ]
This is true for all Tin K. Hence

liminf ||fx, | 2 sup | T(FO [l = [fx |-
i Tek

This together with Lemma 2.9 proves condition (ii) of Theorem 2.1.

We shall observe in §5 (Theorem 5.1 and Proposition 5.2) that the condition
of Theorem 2.2 is always satisfied if G is compact, commutative or discrete. So
we have:

CoROLLARY. The representational and compact-open topologies of H(G)
coincide whenever G is either compact, commutative, or discrete.

(19) Recall that C,'(G)" is locally compact [6, Theorem 2.1].
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In §6 we shall give an example of the failure of the condition of Theorem 2.2.
For another consequence of Theorem 2.2 see §5, Corollary 6.

3. The topology of #(G) in terms of functions of positive type. It is a now
classical result that the weak * topology of characters on a locally compact Abeiian
group coincides with the topology of uniform convergence on compact sets.
In [5, Theorem 2.2], we generalized this result to describe the inner hull-kernel
topology of unitary representations of an arbitrary locally compact group G.
In this section we shall generalize it still further, to describe the inner hull-kernel
topology of subgroup representations of G.

The first step is to define a topology for UK < #(6)C(K), so that a function de-
fined on K is allowed to approach a function defined on K as K approaches K,
This will be done in such a way that, for functions having a fixed domain, the
topology is that of uniform convergence on compact sets.

Let X be an arbitrary locally compact Hausdorff space, Z the complex number
system, and S = X x Z. A subset of S is semicompact if it is closed and its pro-
jection on X has compact closure; £ will be the family of all semicompact sub-
sets of S. As in §1 Z(S) is the family of all closed subsets of S. Let
UD;F)={AeZ(S)|AND=A,AN B Aforeach Bin F}. The semicompact-
open topology of Z(S) will be that topology in which the U(D; %), where De 2
and Z is a finite family of nonvoid open subsets of S, form a basis of open sets.

Let £(X) be the union of all the spaces C(4), where 4 € Z(S); thus the elements
of £(X) are continuous complex functions f such that D(f) e Z(S). Identifying
a function with its graph we have &(X) = Z(S). We shall always consider &(X)
as equipped with the (relativized) semicompact-open topology.

LeMMA 3.1. The map f— D(f) of &(X) onto Z(X) is continuous and open.

Proof. If C is a compact subset of X and % is a finite family of open subsets
of X, the inverse image of U(C;%) under the above map is the open set
U(C x Z;{A x Z|Ae F}). So the map is continuous.

Suppose ¥ < Z(X), Ye ¥, feé(X), and D(f)=Y. To prove openness, it
suffices to approximate f in £(X) by elements g for which D(g)e#. Choose a
neighborhood U(D; %) of f where De % and & is a finite family of open sets
with compact closure. Let E be a compact subset of X containing the X | ro-
jections of D and of all 4 in &#. By Tietze’s theorem there is an f, in C(X) coin-
ciding with f on Y N E. Now let Y; —» Yin Z(X), where Y;e %. It will be sufficient
to show that

(1) fo| Y€ U(D;#) i-eventually.
If it were false that

¥)) (fo|¥) 0D = A i-eventually,
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we could pass to a subnet and choose for each i an x;in ¥; N E with {x;,fo(x;)>€D.
By the compactness of E we again pass to a subnet and assume x;—»x€E NY.
Since f, is continuous, <{x;fo(x))> = <{x,fo(x)> €D, contradicting f "D = A.
So (2) holds. Again, if A € %, choose an x, in Y and an open X-neighborhood ¥V
of x4 so that {x,fo(x)> € A for all x in V. Since Y; - Y, Y, i-eventually intersects ¥,
so that

3) fo| Yi i-eventually intersects A.
Now (2) and (3) imply (1).

LeMMA 3.2. Suppose fe &(X), {f;} is a net of elements of &(X), and
D(f;)- D(f) in Z(X). Then fi—f in (X) if and only if, for each subnet
{f;} of {f:} and each choice of x; in D(f;) (for each j) such that x;— some x in
D(f), we have f(x;) - f(x).

Proof. (I) Assume f;—f, and let {f}}, {x;}, x be as above; let > 0. If V
is a compact X-neighborhood of x such that |f(y) —f(x)| < & for yeV N D(f),
the set D={<y,A)eS|yeV,|A—f(x)| 2 ¢} is semicompact and f N D =A.
So ff N D = A j-eventually. But x;eV j-eventually, so that [ fi(x)—f (x)I <e
j-eventually. Thus fi(x;) - f(x).

(II) Assume the condition of the lemma. If De 2, f N D = A, and it is false
that

)] fin D = A i-eventually,

then, passing twice to a subnet, we may choose for each i an {x;,f{(x;)> inf; ND
such that x;—xeD(f). By assumption this implies f,(x;)—f(x), whence
{x,f(x)) €D, which is impossible. So (4) holds whenever DeZ, f N D =A.
Again, let A be an open subset of S intersecting f in some point {x,f(x) ). Since
xeD(f) and D(f;)— D(f), there is a subnet {f/} of {f;}, and an x; in D(f})
for each j, such that x;— x. By the assumption, {x;,fi(x;))> = <{x,f(x)); so that
fj j-eventually intersects A. Since this is true on replacing {f;} by any subnet,
we conclude that

%) JinA# A i-eventually.

Now (4) and (5) show that f; —f.
Applying Lemma 3.2 to the case that all f; have the same domain Y, we get:

LemMa 3.3. If Ye Z(X), the semicompact-open topology of 8(X), relativized
to {f ID(f) =Y}, is just the topology of uniform convergence on compact sub-
sets of Y.

The following easy corollary of Lemma 3.2 expresses the continuity of re-
striction:
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LemMA 34. Let W ={(Y,f>|YeZ(X), feé(X), Y=D(f)}. Then the
map {Y,f> —>f| Y is continuous on W to £(X) (the topology of # being rel-
ativized from the product Z(X) x (X)).

We now return to our locally compact group G with unit e, and with smooth
choice of Haar measures {ux} on #(G). We denote by &,(G) the topological
subspace of &(G) consisting of those f for which D(f) e #(G). Let

Y={(K,x)|KeH(G), xeK}
as before.

ProprosITION 3.1. Let C be a compact subset of Y, and W the set of those f
in Co(Y) whose supports are contained in C; we equip W with the topology of
uniform convergence on Y. Then the map

© og) - L T80 o

is continuous on &(G) x W.

Proof. Let fi—f in &,(G) and g;— g in W; and let F be such an element
of Cy(Y) that F(D(f),x) =f(x) for all x such that <{D(f),x)eC.
Let K = D(f), K;=D(f;). Since K;— K (Lemma 3.1), Lemma 2.1 gives

™ im [ P9 e 0dix = [ 08 (K,0 g
i K K

I claim that, for each ¢ > 0, we have i-eventually
(8) |fix) — F(K,x)| < & whenever <K,;,x)eC.

Indeed, otherwise, passing to a subnet we could find an ¢ >0 and an x; for
each i, such that <K;,x;)€C, |f(x;) — F(K;,x;)| 2 &. By the compactness of C
we may even assume x; — x € K. But then by Lemma 3.2 f;(x;) - f(x). This and
the fact that F(K;,x;)— F(K,x)=f(x) contradict the definition of x;. So (8)
holds. By Lemma 1.1 of [11] there is a constant k with puy,({x| (K;,x>eC}) < k
for all i. So, by (8), for each ¢ > 0 we have i-eventually

| [ 08 dues — [R50 )|
K K
< fx lf;(x)—F(Ki,x)| Igi(Kbx)Idﬂx,x

+ f P9 |0K00) = 8K | dit,

Slaloke+ |Flo |- glok.
This combined with (7) gives (6).
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DEFINITION. An element ¢ of £(G) is of positive type, and associated with
the subgroup representation <{K,T) if D(¢)= K and there exists a vector &
in H(T) such that ¢(x) = (T £, &) for all x in K. If Q <« £(G), ¢ is associated
with Q if it is associated with some (K,T) in Q.

THEOREM 3.1. Let {(K,T ) be a subgroup representation of G. If ¢{,---, ¢,
is a finite sequence of functions of positive type on K associated with {K,T),
and if for each r = 1,---,n V, is an open neighborhood of ¢, (in the semicompact-
open topology of £(G)), we define U = U(¢y,++,¢,;Vy,-++,V,) to be the set of
all {(K', T’ in #(G) for which there exist ¢{,---,¢, such that, for each i,

(i) ¢ieV

(i) D(¢) = K/,

(iii) @; is a finite sum of functions of positive type associated with T'.

Then the set of all such U forms a basis of neighborhoods of {K,T) in the
inner hull-kernel topology of ¥(G).

We preface the proof with the following lemma:

LEMMA 3.5. Let fe Cy(Y), and let F be some extension of f to an element
of Co(H(G) x G)). For each x in G put F(K,y) = F(K,x~1y) (K e X(G), y€G),
and define f, = F,,I Y. Then f,e Cy(Y) for each x; and the map x— f, is con-
tinuous on G to Cy(Y) (in the A(G)-norm of the latter, see §2).

Proof. That f,e Cy(Y) is obvious. Fix x, in G and ¢ > 0. Let W be a compact
subset of G such that the interior of #(G) x W contains the compact support
of F. Then there is a neighborhood V of x, such that (i) /£ (G) x x,W contains
the compact support of F, for each x in ¥, and (i) | F, — F,, |« <& for all x
in V. By Lemma 1.1 of [11] there is a constant k such that ux(W nK) <k for
all K. Thus, for all x in V,

"fx_on"A G) = sup f IF(K,x_ly)—F(K,xo_ly)ld'uxy<kB.
- Ke X (G) JK

This proves the lemma.

Proof of theorem. (I) Let ¢,,---,¢,,V,, -+, V, be as in the definition of U;
without loss of generality suppose ¢,(e) =1. Fix a subset Q of #(G) with
{K,T) in its closure. To show that U is a neighborhood of (K, T ) it will suftice
to show that Q intersects U.

Choose él""aén in H(T) so that ¢r(x) =(Tx§n ir) (XGK); since ¢r(e) =1,
| & | =1. By [5, Theorem 2.1], applied to C¥(G), there is a net {<K’, T°)}
of elements of Q, and for each i and each r =1, ---,n a sum ¢} of positive func-
tionals on C*(G) associated with WX"T', such that

) [#f] =1 for all i and r,

and
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(10) ¢ - ¢, pointwise(>°) on C¥G).

We now fix an ¢ with 1> ¢> 0 so that, for each r, y€ V, whenever y e C(K)
and |x(x) — ¢,(x)| <& for all x in K. Next we choose an f in Cy(Y) so that
| T;¢, — & | <e&/3 for each r. Then

(1 1) |(Tfo§r’ Tfér) - ¢,.(X) | <e (x € K)

For x in K we verify that (T, T,¢,, T;¢,) = ¢,(f* * f,), where, for each x in G,
f, is to mean the same as in Lemma 3.5. Applying Gelfand’s Lemma to (9) and
(10) and using Lemma 3.5, we find that for each r,

(12) $i(f* * ) > f* * 1)

uniformly in x on compact subsets of G. Now let 3}, x, be the elements of £,(G)
defined by: D(x;) = K;, D(x,) = K, 2,(x) = ¢;(f* * f,) (xe K)), %,(x) = ¢,(f* * f.)
(xeK). From the corresponding property of ¢} we verify that y! is a sum of
functions of positive type associated with T*. Further, by (11) and the definition
of ¢,

(13) 1€V, for each r.

Now it follows from (10) that K*— K in #(G). If we had x;,e K' for each i
and x; - x € K, it would follow from (12) that xi(x;) - x,(x). Hence by Lemma
3.2 yf—y, in &(G). This and (13) show that Q intersects U. So U is an inner
hull-kernel neighborhood of <K, T ).

(1) To show that the U of the theorem form a basis of neighborhoods of
(K, TY,itsuffices to take a net { (K, T*} of elements of (G) which is eventually
inside each such U, and to show that some subnet of it converges to (K, T ).

Fix functions ¢,,-:-,¢, of positive type on K associated with T. By the as-
sumption on {<K’,T'>}, we can replace it by a subnet, and then for each i
and r=1,---,n choose a ¢/ such that: (a) ¢! is a sum of functions of positive
type on K; associated with T%, and (b) ¢! — ¢, in &(G) for each r. But then the
¢! are bounded in norm uniformly in i and r; and for each r and each g in Co(Y)
we have by Proposition 3.1:

lim ¢(g) = lim f 6i(0) (K X)dpugix
i i Kt

fx 69K, X)digx = $,(2).

Thus, by Theorem 2.1 of [5], <K, T')— <K, T).
The preceding theorem can be rephrased as follows:

(20) We identify functions of positive type on a closed subgroup K with the corresponding
positive functionals on Cs(G).
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THEOREM 3.1". Let {{K',T')} be a net of elements of #(G) and {(K,T) an
element of S(G). Then (K, T'y— (K,T) if and only if, for each finite
sequence ¢y,--+, ¢, of functions of positive type on K associated with (K, T ),
and each subnet of {(K', T'>}, there exist (i) a subnet {(K'}, T"')} of that sub-
net, and (i) for each j and each r = 1,--+,n a finite sum ¢? of functions of positive
type associated with <K', T"), such that ¢.— ¢, in &(G) for each r.

ReMARK. In Theorem 3.1 assume that T is irreducible. Then the theorem
will still be true if in (iii) of its statement we replace ‘‘a finite sum of functions
of positive type” by ‘‘a function of positive type.”” Similarly for Theorem 3.1".
The argument verifying this is the same as for the similar remark following
Theorem 2.1 of [5].

Combining Theorem 3.1’ with Lemma 3.4, we obtain the continuity of the
operation of restricting a subgroup representation to a smaller subgroup:

THEOREM 3.2. Let # = {(H,K,T)|<K,T)e¥(G), HeA(G), H<cK};
and give to W the topology relativized from the product % (G) x ¥(G). Then
the map {H,K,T)—<H,T|H) is continuous on %" to &(G).

THEOREM 3.3. Let Q be a subset of #(G) and {(K,T) an element of ¥(G)
weakly contained in Q. Let L be a closed subgroup of G such that Lc K and
L< K’ for all <K', T') in Q. Then T|L is weakly contained in the family of
all T'| L, where <K', T') ranges over Q.

Proof. Each element S of Sp(T) (considered as a subset of 4y) is weakly
contained in Q, and hence belongs to the closure of Q (Proposition 1.1). So by
Theorem 3.2 S| L belongs to the closure of, and hence is weakly contained in,
the set of all restrictions to L of elements of Q. But, by [4, p. 371, Corollary],
T | Lis weakly equivalent to {S|L| SeSp(T)}. Combining these facts we obtain
the theorem.

4. The continuity of the inducing operation. The theory of induced repre-
sentations was first systematically developed for sepaiable locally compact
groups by Mackey in [14]. An equivalent treatment, more convenient in the non-
separable situation, was given by Blattner in [2; 3]. We state here for the reader’s
convenience some facts proved in [3].

As usual, G is a locally compact group with unit e, and {u} is a smooth choice
of left Haar measures on % (G); we write u for ug. Ag is the modular function
on K; and we write A for Ag.

A complex-valued regular Borel measure p on G is of positive type on G if

L(f* «/)X)dpx 2 0
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for all f in Cy(G). If dpx = Pp(x)dux, where ¢ € C(G), then p is of positive type
on G if and only if ¢ is of positive type in the usual sense. Each measure p of
positive type on G generates a unitary representation T” of G as follows: Let
(£.8),= [o(g* * f)(x)dpx for f,ge Co(G). Then N = {fe Co(G)|(f.f), =0} is
a linear subspace of Cy(G); and ( , ) induces an inner product, also called
(, ),on Co(G)/N. If ® = ®; , is the natural map of Cy(G) into the completion
H, of Cy(G)/N under ( , ) then the relation

T(O(f)) = () (feCo(G), x€G)

(where f(y) =f(x”'y)) defines a unitary representation T” of G on H, If
f,he Co(G), then T (D(f))=D(h+f).
The following result is proved in [3]:

THEOREM 4.1. Let K be a closed subgroup of G, and ¢ a complex regular
measure of positive type on K. Let dpx = (A(x)/Ag(x)"/*dox. Then p, considered
as a complex measure on G (carried by K), is of positive type on G. Further, T® is
unitarily equivalent to the representation of G induced from the representation
T’ of K.

We now prove our main theorem:

THEOREM 4.2. Let W ={(H,K,T)|<K,TYe #(G), He #(G), H>K};
and give to # the topology relativized from the product A (G) x #(G). Then
the map (H,K,T>— (H,,UT) is continuous on # to ¥(G).

Proof. We shall suppose that H'— H in #(G) and (K’ S'>— (K,S) in
&(G) (where H' oK' and H 5K). To prove that (H'\pUS'> - (H,, US>, it
suffices by Proposition 1.2 to show that the set # of all (H’,, US> weakly con-
tains (H,,U®>. Since S is a direct sum of cyclic representations, it is sufficient
to make the proof assuming S to be cyclic. Let ¢ be the function of positive type
on K associated with a cyclic vector for S. By Theorem 3.1’ we may replace
{(K’,§*»} by a subnet, and choose for each i a sum ¢, of functions of positive
type on K’ associated with S, so that ¢, — ¢ in &,(G).

By Theorem 4.1 the measure p, defined on K by dpx = (Ag(x)/Ax(x))" 2 ¢(x)dugx,
is of positive type on H when considered as a measure on H, and T° = ,U°®.
Similarly p’, defined on K* by dp'x = (Ay(x)/Agi(%))'/? ¢p{(x)dug:x, is of positive
type on H', and T* is a subrepresentation of a direct sum of finitely many
copies of U,

Fix an element f in Co(H), and let ¢ =®y (f)€ H(T?). Choose an ele-
ment F of Cy(G) whose restriction to H is f; set f; = F[H‘ for each i; and let
&= Qi ,(f;) e H(T #"). For each h in Co(Y) we verify

(TF'E,2) = f (F*» h » F)(H', x)dp's,
H‘
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where F* x h % F is evaluated in the *-algebra Cy(Y) (regarding F as an element
of Co(Y):F(L,x) = F(x)). Substituting for p’ we get

M (TP &) = f » (F* % h F)(H',x)(Agdx)/Agi(x)'"? ¢()dpgix.

Let E be an element of C(G) such that E(x) = (F**h F)(H,x) whenever xe€ H.
Then for each ¢ > 0 we have i-eventually

() |(F*xh*F)(H' x) — E(x)| <¢ for all x in H".

Using Proposition 3.1, and recalling that A;(x) is continuous in L and x, we find

im | BCO(Bu/ 86" (dox

- f (P b F)(H. ) (A6 A C) s

] (F*xhxF)(H,x)dpx = (T¢,&).
K

Combining (1), (2), and (3), we obtain lim,(T,f'rfi,ﬁi) = (T} & &).

From this and the arbitrariness of h it follows that the positive functional
on CX(G) associated with the vector ¢ in H(T?) can be weakly*-approximated
by positive functionals associated with the (H, T”'), that is, finite sums of
positive functionals associated with %. But these ¢ are dense in H(T”). So
{H,T*) is weakly contained in #, which was all we had to prove.

As a corollary of this we obtain:

THEOREM 4.3. Let Q be a subset of #(G) and (K,T) an element of ¥(G)
weakly contained in Q. Let L be a closed subgroup of G such that L oK and
L oK’ for all {<K',T' in Q. Then ,UT is weakly contained in the family o
all ,UT, where (K',T') ranges over Q.

The proof is similar to that of Theorem 3.3.
Theorems 4.1 and 4.2 of [5] are of course very special cases of Theorems 4.2
and 4.3 above.

5. Topological Frobenius properties. Throughout this section the locally com-
pact group G is assumed to satisfy the second axiom of countability. Otherwise
the notation remains as before.

We shall contemplate the following topological “Frobenius Property” (FP)
which G may possess:

, () In the equation that follows we should strictly write WHST®' (h) (&) instead of
T’ (&)); but the meaning is clear.
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(FP)(*?). Whenever K e #(G), Te K, and SeG, ;UT weakly contains S if
and only if SIK weakly contains T.

Not only this property, but very much weaker properties fail to hold if G
is arbitrary. However, we begin by observing:

THeOREM 5.1. (FP) holds if G is compact or Abelian.

Proof. If G is compact, weak containment is the same as ordinary contain-
ment; so (FP) follows from the classical Frobenius theorem for compact groups.
If G is Abelian we apply Corollary 2, p. 261 of [5] and Theorem 3.2, p. 255 of [5].

In view of the recent work of Kirillov [13], it appears likely that (FP) holds
for connected nilpotent Lie groups also.

(FP) implies the following two weaker properties:

(WF1). For each closed subgroup K of G and each S in G, cU 5% weakly
contains S.

(WF2). For each closed subgroup K of G and each T in K, GUT| K weakly
contains T.

Let us derive (WF1) assuming (FP). Let S and K be as in (WF1); and choose
any Tin K such that S|K weakly contains T. By Theorem 4.3, US'¥ weakly
contains UT; and by (FP) UT weakly contains S. So USIX weakly contains S.

Similarly we derive (WF2) from (FP) by appealing to Theorem 3.3.

(WF2) implies the still weaker property:

(WF3). If K is a closed subgroup of G, every T in K is weakly contained
in S|Kfor some unitary representation S of G.

It will be seen in §6 that even (WF3) fails for general G.

Taking K = {e} in (WF1) we see that (WF1) can hold only if the regular rep-
resentation of G weakly contains all S in G. The latter condition fails for the
connected semisimple noncompact Lie groups (see [21]), and also for the (discrete)
free group on two generators (see [23]). So (WF1) fails in general. We do not
know whether (WF1) is equivalent to the condition that the regular representa-
tion weakly contains all of G.

PROPOSITION 5.1. (WF1) holds if and only if, for each K in #(G), cU’ weakly
contains I, where J and I are the identity representations of K and G, respec-
tively.

Proof. The condition is obviously necessary. Assume that it holds, and that
KeX(G) and Se@. Let J and I be as above. By [5, Corollary 1, p. 260],
US¥~ U’ @ S. By assumption U’ weakly contains I. So (see [8]) U’ ® S weakly
contains I® S = S.

Discrete groups satisfy (WF2), and hence (WF3). In fact we easily verify:

(22) See [22] for the classical Frobenius Theorem for compact groups. Our “Frobenius

Property” cannot contain any reference to the multiplicities of the representations, since there
seems to be no reasonable definition of ““S weakly containing T n times.”
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PROPOSITION 5.2. Let K be a subgroup of G which is both open and closed
in G. Then, for each unitary representation S of K, S is a direct summand of
U°|K.

However, as we have already pointed out (see [23]), discrete groups need
not satisfy (WF1).

It follows from [5, Theorem 4.5], that (WF2) holds if only normal subgroups
are considered.

ProrosiTiION 5.3. If K is a closed normal subgroup of G, then GUT|K
weakly contains T for all T in K.

Next we deduce a topological version of Mackey’s Restriction Theorem [14,
Theorem 12.1].

THEOREM 5.2. Let G be a separable locally compact group, and let K and
L be two closed subgroups of G such that (a) K and L are regularly related in
the sense of Mackey [14, p. 127], and (b) K N L has property (WF1). Then
for each unitary representation T of K,

cUT|L weakly contains [UT*"L.

Proof. Let £ be the family of all K, L double cosets KxL (xe G), and v
any admissible measure in % [14, p. 127]. Then, by [14, Theorem 12.1],

6)) UT|L ~ f,,VdvD,
2

where, for each D in 2, .V =,V is the unitary representation of Linduced from
the representation u — T,,.-: of x 'Kx N L(here x is any element of D).
Let Q = UT'®"L | claim that, if x, > e in G, then

2 V=0

in the inner hull-kernel topology of representations of L.

Indeed, by Proposition 1.2, it is enough to show that the set of all , V weakly
contains Q. Now let L,=x,'Kx,N L, and let S* be the representation
u— T, ux,-1 of L,. Since £(L) is compact, we may pass to a subsequence and
assume that L, —» L' = Lin the compact-open topology. Since x,—e, L =« LN K.
Let S= T] L'. Combining Lemma 2.7 (applied to the group M of inner auto-
morphisms of G) with Theorem 3.2, we easily see that (L,,S">— (L,S) in
&(G). Hence by Theorem 4.2

3) (L VY = (L, Uy > (L, U

in #(G). Since L' =« LN K and L N K satisfies (WF1), (Lnx)Us weakly contains
T |(L N K). So by Theorem 4.3, ;U° weakly contains ,UT'*"¥ = Q. This com-
bined with (3) (and Proposition 1.3) gives (2).



444 J. M. G. FELL [March

Now let £ be an arbitrary inner hull-kernel neighborhood of Q in Z(L).
In view of (2) there is an open neighborhood W of e in G such that, if xe W,
VeZ. Thus the inverse image of £ under the mapping D— ,V contains
the set of all K,L double cosets intersecting W, and this set is of positive v measure.
Hence by (1) and [5, Theorem 3.1], UTILweakly contains Q. This completes
the proof. :

If in the preceding theorem we replace the unit element by any fixed x in G,
and assume that x~!Kx N L has Property (WF1), the same proof leads to the
conclusion that ;U”|L weakly contains (U 1*""A*°L) (where T*=T,,.-:). In
view of [5, Theorem 3.1], we thus obtain:

THEOREM 5.3. Suppose that K and L are two regularly related closed sub-
groups of G, and that x~*Kx N L has Property (WF1) for all x in G. Then
GUTI Lis weakly equivalent to the set of all ,UT'*™'¥*"D) \ohere x runs over G.

Just as [14, Theorem 12.1] led immediately to [14, Theorem 12.2] on Kro-
necker products of representations, so from our Theorems 5.2 and 5.3 we deduce
the following theorems on Kronecker products:

THEOREM 5.4. Let K and L be two regularly related closed subgroups of
G such that K N L has Property (WF1). If S and T are unitary representations
of K and L, respectively, then GUS® zUT weakly contains cUSIKPDETIKAL)

THEOREM 5.5. Let K and L be two regularly related closed subgroups of
G, such that x “'Kx N L has Property (WF1) for all x in G. Then, if S and T
are unitary representations of K and L, respectively, ;US® qUT is weakly equi-
valent to the set of all (UG KDOTICTKx0L) ywhore x runs over G.

Theorem 5.2 has a number of interesting special cases:

CoroLLARY 1. If K is a subgroup of G which is regularly related to itself
and satisfies (WF1), then GUT|K weakly contains T for all unitary represen-
tations T of K.

If K and Lare closed subgroups of G one of which is compact, then K and L
are necessarily regularly related. Also, a compact group satisfies (WF1) by
Theorem 5.1. So we have:

COROLLARY 2. If K is a compact subgroup of G, L is a closed subgroup of
G, and T and S are unitary representations of K and L, respectively, then
GUTILweakly contains LU T¥L and 6U®|K weakly contains LU SIKCL,

In particular, if K = L, we get:

CoRrOLLARY 3. If K is a compact subgroup of G, and T is a unitary repre-
sentation of K, then GUT|K weakly contains T.
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CoRrOLLARY 4. If K is a compact subgroup of G, Lis a closed subgroup of
G, KN L={e}, and T is a unitary representation of K, then GUTIL weakly
contains the regular representation of L.

Putting K = {e} in Corollary 4, we find:

COROLLARY 5. If Lis any closed subgroup of G, the regular representation
of G, when restricted to L, weakly contains the regular representation of L.

From Corollary 5 and Theorem 2.2 we obtain:

COROLLARY 6. The subgroup representation theory of G is continuous at a
closed subgroup K of G provided that the regular representation of K weakly
contains the identity representation of K (and hence all irreducible represen -
tations of K; see [12; 21]).

6. A counter-example to (WF3). This section contains a counter-example to
(WF3). That is, we exhibit a group G, a closed subgroup K, and an irreducible
unitary representation T of K which is not weakly contained in S| K for any
unitary representation S of G. For G we take the 3 x 3 complex unimodular
group SL(3, C), and for K the group SL(2, C), which we identify with the sub-
group of SL(3,C) consisting of those a for which a,; =a,3;=4a;, =a;, =0,
as; = 1. T will be any member of the supplementary series of irreducible rep-
resentations of SL(2,C).

Let M be the subgroup of SL(3,C) consisting of those a for which
a,3=4a,3=0, ay; =1. M is a semidirect product of the closed normal Abelian
subgroup N consisting of all

1 0 0
0 1 0} (r, s complex),
r s 1

and the closed subgroup SL(2, C). The character group N of N has just two orbits
under the action of M, the orbit consisting of the identity character only and
the orbit containing everything else. One element of the second orbit is y, where

iRe(r)
e ) =e .

The “‘stationary subgroup’” Z of y in M consists of all

Irl z 0
a= |0 1 0 (r,s, z complex),
M L r s 1

and the irreducible representations of Z which reduce on N to multiples of y
are exactly the characters y,, (w complex), where
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l// (a) — eiRe(r+zﬁ)
w

(a being as in (1)). So, by Mackey’s theory of induced representations [14,
Theorem 14.1], the irreducible representations of M fall into two classes:

(i) the V" =,UY" (w complex);

(ii) those lifted from irreducible representations of SL(2,C).

Now the irreducible representations of SL(2, C) fall into three disjoint classes —
the principal series, the supplementary series, and the one-dimensional identity
representation (see [9]). It was shown in [4] that the principal series is closed
in SL(2,C)", while the supplementary series is open.

LeMMA 6.1. The set of all VW|SL(2,C) (w complex) is weakly contained
in the principal series of irreducible representations of SL(2,C).

Proof. By Mackey’s Restriction Theorem [14, Theorem 12.1], ¥*|SL(2,C) is
equivalent to the representation of SL(2,C) induced from a character of
ZNSL(2,C)=Z'. Since Z' is Abelian, its characters are weakly contained in
its regular representation. Hence by our Theorem 4.2 and [14, Theorem 4.2],
each V" |SL(2,C) is weakly contained in the regular representation of SL(2,C).
But the latter, by [4, Theorem 3.2], is weakly equivalent to the principal series.
Hence the conclusion of the lemma holds.

THEOREM 6.1. If S is any unitary representation of SL(3,C) and T is any
member of the supplementary series of irreducible representations of SL(2,C)
then S|SL(2,C) does not weakly contain T.

Proof. Since S is weakly contained in SL(3,C) ", it is enough by Theorem
3.3 to prove that Tis not weakly contained in the set of all S | SL(2,C), where S
runs over SL(3,C)".

Now SL(3,C)” is well known [1;20]; it consists of the irreducible represen-
tations constructed in [9]. Thus, taking any irreducible unitary representation S
of SL(3,C) other than the trivial one, one verifies directly that H(S) contains
no nonzero vector invariant under each a in N. On the other hand, since M is
of Type 1 and has smooth dual (see [14; 10]), S|M can be decomposed as a
direct integral over M (see [16]); and the absence of N-invariant vectors shows
that in this direct integral the elements of M lifted from elements of SL(2,C) -
occur with measure 0. Thus, by [5, Theorem 3.1], S| M is weakly contained in
{V”|w complex}. Combining this fact with Lemma 6.1 and Theorem 3.3, we
deduce that S|SL(2,C) is weakly contained in the principal series of SL(2, o).
Thus every S in SL(3,C)”, when restricted to SL(2,C), is weakly contained in
the complement of the supplementary series in SL(2, C) ~. Since this complement
is closed [4], we obtain the theorem.
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